Formulas and expectation values which are need to determine the lowest-order QED corrections (∼ α 3 ) and corresponding recoil (or finite mass) corrections in the two-electron helium-like ions are presented. Other important properties of the two-electron ions are also determined to high accuracy, including the expectation values of the qausi-singular Vinti operator and r 
I. INTRODUCTION
In this contribution we determine the lowest-order Quantum Electrodynamic corresctions and other bound state properties in some two-electron ions with relatively large nuclear charges Q, where Q ≤ 28. In general, the lowest-order QED corrections are relatively small ∼ α 3 for the ground and low-excited states in the two-electron ions. These QED corrections arise from interactions of the bound electrons in ions and virtual photons. General theory of the lowest-order QED corrections in atoms/ions was considered in [1] . Since the first edition of that book the problem of lowest-order QED corrections was re-considered a number of times in different books and textbooks (see, e.g., [2] , [3] ). Note that often the lowest-order QED correction is called the 'Lamb shift',or even 'Bethe logarithm'. In reality, such a correction always contains a number of terms and Bethe logarithm is only one of them. Two other terms are the electron-electron contact term and Araki-Sucher term which contains the expectation value of the singular operator . The explicit formula for the lowest-order QED correction is given in the third Section III. The formula presented there is based on an assumption that the nuclear mass is infinite, but in actual atomic systems the mass of the central 'heavy' nucleus is always finite. Therefore, it is important to have a formula which allows one to determine the first-order correction upon the finite nuclear mass.
By using highly accurate wave functions constructed in this study we can evaluate a number of other bound state properties for these two-electron ions, including the r eN expectation values for k = 2, 4, 6, . . . which are needed to evaluate angular dependence of the elastic scattering cross-sections of the fast electrons by the two-electron, helium-like ions in the Born approximation. We also consider an important problem of Q−dependence for a number of expectation values determined in this study.
II. BOUND STATE WAVE FUNCTIONS
Modern highly accurate calculations of the lowest-order QED corrections in few-electron atomic systems, including two-electron ions, are performed with the use of the nonrelativistic wave functions which are determined as the solutions of the Schrödinger equation [4] for the bound states HΨ = EΨ, where E < 0 and H is the non-relativistic Hamiltonian of the two-electron ion with the nuclear electric charge Qe: , and e is the elementary electric charge. Note also that Eq. (1) and everywhere below in this study the particles 1 and 2 mean the electrons, while the particle 3 (or N) is the atomic nucleus with the mass M N ≫ m e . In real atomic calculations such a mass can also be an infinite. For light atoms and ions it is very convenient to perform all bound state calculations in atomic units whereh = 1, m e = 1 and e = 1. In these units the velocity of light in vacuum c numerically coincides with the inverse value of the dimensionless fine structure constant, i.e. c = α −1 , where α =
In atomic units the Hamiltonian from Eq. (1) is written in the form
where the nuclear mass M N must be expressed in the electron mass m e .
Formally, in calculations of the lowest-order QED corrections one needs to use the truly relativistic wave functions determined from the corresponding Dirac equation for the bound atomic states. At this moment, however, highly accurate solutions of the Dirac equation can be derived for one-electron atoms and ions only. For two-electron atoms and ions the relativistic wave functions can be constructed only approximately and overall accuracy of such an approximation is not high. It follows from the well known fact that the electronelectron repulsion presents a great difficulty for analytical consideration in the Dirac theory of two-electron ions/atoms. In actual computations such an accuracy is substantially smaller than analogous accuracy obtained with the use of variational wave functions which were determined as highly accurate solutions of the non-relativistic Schrödinger equation. In this study to determine some properties of the two-electron atom(s) and ions we also apply the non-relativistic wave functions. All wave functions used in our analysis have been obtained as the solutions of the non-relativistic Schrödinger equation with the Hamiltonian, Eq.(2).
Note that this approach with the non-relativistic wave functions works, if (and only if) we can derive the non-relativistic variational wave functions of very high accuracy. Indeed, all expectation values below are determined in respect with the rules and formulas of the per-turbation theory. In such calculations it is extremely important to have extremely accurate non-relativistic wave functions constructed in zero-order approximation.
In this study highly accurate wave functions of the ground 1 1 S(L = 0)−states of the two-electron ions/atoms are constructed in the form of the following variational expansion (see, e.g., [6] and [7] )
The expansion, Eq. (3), is called the exponential variational expansion in the relative coordinates r 32 , r 31 and r 21 . Each of the three relative coordinates r ij is defined as the difference between the corresponding Cartesian coordinates of the two particles, e.g., r ij =| r i − r j |= r ji .
It follows from this definition that the relative coordinates r 32 , r 31 and r 21 are translationally and rotationally invariant. The coefficients C i are the linear variational parameters of the expansion, Eq.(3), while the parameters α i , β i and γ i are the non-linear parameters of this expansion. In general, the total energy of the ground 1 1 S−state of the two-electron ion depends upon the total number of basis functions N, Eq.(3), used in calculations. The operatorP 12 in Eq.(3) is the permutation operator for two identical particles (electrons).
Very high efficiency of the variational expansion, Eq.(3), in actual applications to the twoelectron ions is related to the fact that all non-linear parameters α i , β i and γ i are carefully varied in such calculations. The overall accuracy of our variational expansion, Eq. (3), for all two-electron ions mentioned in this study can be considered as very high and sufficient for all our current needs. For the neutral helium atom we have performed numerical calculations with an extended numerical precision. This allows us to determine 34 -35 stable decimal digits in the total energy. By performing these calculations for the helium atom we investigated numerical stability of our results for the helium atom and other two-electron ions mentioned in this study. It was found in these research that our 'usual' wave functions which provide 23 -25 stable decimal digits are sufficient for our purposes in this study. 
III. LOWEST-ORDER QED CORRECTIONS
where α = e 2 hc = 7.2973525698 · 10 −3 is the fine structure constant (see above), Q is the nuclear charge (in atomic units) and S is the total electron spin. The ground states in all two-electron ions considered in this study are the singlet states with S = 0. Also, in this formula ln K 0 is the Bethe logarithm (see, e.g., [1] , [2] ).
The structure of the three-term formula, Eq. (4), has the following physical sense. Interactions of the bound electrons in ions and virtual photons leads to the variations in the electron density distribution. To determine the lowest-order QED corrections in two-electron ions the crucial factors are the electron density distributions at the atomic nucleus and at the second electron. This expalins the appearence of the two contact terms in Eq. (4): electron-electron nucleus contact term (∼ δ(r eN ) and electron-electron contact term (∼ δ(r ee ). The last term in Eq. (4) is called the Araki-Sucher term, or Araki-Sucher correction, since this correction was obtained and investigated for the first time by Araki and Sucher [8] , [9] . Formally, this term represents the spatial derivative of the electron density at the nearest vicinity of the electron-electron collision point. Note that the expectation value of the term 1 r 3 ee is singular, i.e., it contains the regular part and non-zero divergent part which is also called the principal part of the expectation value. General theory of the singular exponential integrals was developed in our earlier works (see, e.g., [14] and references therein). In particular, in [14] we have shown that the 1 r 3 ee expectation value is determined by the following formula
where
R is the regular part of this expectation value and δ(r ee ) is the expectation value of the electron-electron delta-function. The presence of non-zero divergent (or singular) parts in singular expectation values directly follows from the fact that the corresponding operators are self-conjugate. It is interesting to note that 'to be self-conjugate' is the most fundamental and important property of any 'symmetric' operator in QED. All other properties of such operators can be considered as secondary. Here we cannot discuss this interesting, but nontrivial problem. Briefly, we can only say that the overall contribution of the principal (or singular) part of the 1 r 3 ee operator is reduced to the expectation value of the electron-electron delta-function with an additional 'spherical' factor 4 π. Formally, in [14] the equality, Eq. (5), was derived for the exponential variational expansion, Eq. (3), only. However, it can be shown that the same equality is true in the general case. Analogous formula can be written for the electron-nucleus expectation value 1 r 3 eN which arises below.
For the actual two-electron ions with the finite nuclear masses we need to evaluate the corresponding recoil correction to the lowest-order QED correction, Eq.(4). In atomic units such a correction to the lowest-order QED correction is written in the form
where M ≫ m e is the nuclear mass. The difference ∆E
is the recoil shift of the lowest order QED correction. In some earlier works the recoil shift was defined as the absolute value of this difference and expressed in MegaHertz, or MHz, for short (1 a.u. =
6.579683920729·10
9 MHz). The inverse mass
in Eq. (6) is a small parameter which is (in atomic units) smaller than ≤ 2.5 · 10 −5 for all isotopes of the two-electron ions which are heavier than the nitrogen two-electron ion N 5+ . The dimensionless ratio R =
is always small (very small) and can be evaluated as R ≈
two-electron ions considered in this study.
IV. SPECIFIC COMPONENT OF THE ISOTOPIC SHIFTS. VINTI OPERATOR.
Numerical calculations of the isotope shifts in few-electron atoms are performed with the use of the formula (see, e.g., [10] )
where E M and E ∞ are the total energies of the actual ion/atom with the nucleus, which has a finite nuclear mass (M), and model ion/atom with the infinitely heavy nucleus. in the A-electron atom/ion takes the form
is the reduced electron mass and M is the nuclear mass, while m e is the electron mass. The index ∞ designates the wave function which correspond to the A−electron atom/ion with the infinitely heavy nucleus. In atomic units the formula, Eq. (8), is written in the form
Below we replace the notation Ψ ∞ for the wave function by the traditional notation Ψ. This simplifies many formulas which follow.
For two-electron atoms/ions considered in this study the right-hand side of Eq. (9) is N is the kinetic energy of the nucleus. This relations between the Ψ | p 1 ·p 2 | Ψ expectation value, single-electron kinetic energy and kinetic energy of the nucleus follows from the conservation of the momentum of the three-particle system, e.g., in the center-of-mass we can write
However, in the middle of 1930's it was assumed that computation of the expectation value of any differential operator, e.g., p 1 · p 2 and/or p 2 e cannot give a numerically stable result. In that time people tried to express such 'unstable' expectation values in terms of the linear combinations of other expectation values which are the functions of the electronnucleus and electron-electron variables. In particular, the following formula for the p 1 · p 2 expectation value has been derived by Vinti [11] 
where Q (or Qe) is the electric charge of the nucleus (particle 3), and particles 1 and 2 are the two electrons. Numerical calculations of the expectation values of the electron-electron repulsion r −1
ee is straightforward. However, the first expectation value in the righthand side of Eq. (10) . Recent analysis, however, indicates that computations of this expectation value in the exponential expansion, Eq. (11), is reduced to operations with the Frullanian integrals only. By the Frullanian (three-particle) integrals we mean three-particle integrals which look like singular, but, in reality, they are regular integrals [12] , [13] . The expectation value of the Vinti operator contains singularities in the second and third terms in the right-hand side, but these singularities cancell each other from the final expression which becomes regular (for more details, see, e.g., [14] ). Note that in atcual computations it is better to consider the expectation value of the quasi-singular
, since the first term in the righ-hand side of Eq. (11) is a regular expectation value which representes the Coulomb electron-electron repulsion.
In this study we have calculated the expectation values of the V s -operator for each of the two-electron ions considered in this study. These expectation values (in atomic units) can be found in Table III 
V. SCATTERING OF FAST ELECTRONS BY THE TWO-ELECTRON IONS IN THE BORN APPROXIMATION
Another interesting problem which is of interest for the two-electron ions is the scattering of fast electrons at such ions. This problem is actual in physics of the hot atomic plasmas, which can be created in modern laboratory, used in various technical applications and observed in astrophysics. The problem is formulated as follows. As is well known the electric charge density distribution ρ(r) in arbitrary atom/ion can be represented in the form ρ(r) = Qeδ(r) − en(r), where Qe is the electric charge of the central nucleus, n(r) is the electron density and δ(r) is the electron-nucleus delta-function. The electron density is normalized by the condition n(r)d 3 r = N e , where N e is the number of bounded electrons.
For atoms we always have N e = Q, while in positively charged ions we have N e < Q. For two-electron ions we have N e = 2. From here one finds the following expression for the Born amplitude of elastic scattering:
where a 0 is the Bohr radius and the value F e (q) is the electron form-factor of the ion (see, e.g., [16] ). For two-electron ions with large Q (Q ≥ 2) the electron density is a spherically symmetric function, i.e. n(r) = n(r). In these cases we have
For small values of the transfered momentum the kernel of the last integral in Eq. (13) is represented as a power series in qr. This leads to the following formula for f B (q)
For very compact two-electron ions with Q ≥ 2 the series in the right-hand side of Eq. (14) converges very fast. The differential cross-section in the Born approximation can easily be obtained from the formula, Eq. (14) . Finally, we arive to the formula
where Q > N e . The first term in this formula corresponds to the usual Rutherford scattering, while other terms in Eq. (15) . Largest deviations from the Rutherford scattering can be found for the small angles (i.e. for θ ≈ 1 and qR a ≫ 1, where R a is the radius of the atom), where the cross-section of the scattering forward can exceed the cross-section of the Rutherford scattering. Note that application of these formulas to the two-electron H − ion is not apppropriate (it leads to an answer which is inaccurate and has no direct physical sense).
VI. CALCULATIONS AND FORMULAS FOR THE Q −1 EXPANSIONS
In this Section we discuss a few important details of actual calculations of the bound state properties of two-electron ions considered above. First of all, let us note that the total number of bound state properties evaluated in this study to very high accuracy significantly larger (for each two-electron ion) than a few properties shown in Tables I -III. In particular, we determine the both electron-nucleus and electron-electron cusp values, i.e. the following ratios of the expectation values
in the case of the electron-nucleus cusp, and
for the electron-electron cusp. These two expectation values must coincide with the known values of these cusps, i.e., with the following numerical values (in atomic units)
is the nuclear mass which can be finite (real), or infinite for model atomic systems.
The coincidence of these two expectation values, Eqs. (16) 
Now, by using these six cefficients we find for the Co 25+ ions ln k 0 = 2.9836752649 ≈ In order to represent the expectation values determined in this study (see Tables I -IV) we can derive relatively simple and convenient interpolation formulas (or asymptotic for- for different ions can be found in Table IV . As follows from this 
where the first three terms represent the regular part of the Laurent expansion (or series), while all terms with the negative powers of Q represent the principal part of the Laurent series. By using our data for the r −1 ee expectation values from Table V . Briefly, this means that one can make a mistake in Eq.(21), but general theory will correct it. Briefly, we can say that the correct form of the q −1 expansion for each expectation value will be restored in any case, if the original computational data are truly highly accurate.
Interpolation (or asymptotic) formulas for other expectation values can be derived analogously. Note that in actual applications one finds three following situations: (1) expectation value decreases when the nuclear charge Q grows, (2) expectation value increases when the nuclear charge Q increases, and (3) 
VII. CONCLUSIONS
We have investigated the Q−dependencies of different bound state properties of the ground 1 1 S−states in the seires of two-electron ions which includes all ions from the hydrogen two-electron ion up to the two-electron nickel ion. A substantial part of this series (ions from N 5+ to Ni 26+ ) is of great interest, since these ions were not considered in earlier highly accurate studies. In particular, the lowest-order QED corrections for each of these ions have been determined to high accuracy for the first time. For convenience some results of such calculations are shown in Table VI where all results are given in atomic units. We also determine the specific component of the isotopic shifts in these ions by using the expectation values of the quasi-singular (or Frullanian) Vinti operator. Scattering of fast electrons by the two-electron ions is briefly discussed in the Born approximation. A brief theory of accurate interpolation formulas for Q−dependencies of different bound state properties is discussed and illustrated with a few examples. Table IV (in atomic units 
